A three-orbital-model approach for studying spin wave excitations in the strongly spin-orbit coupled layered perovskite iridates is presented which provides a unified description of magnetic excitations as well as the electronic band structure. The calculated spin wave dispersions with realistic three-band parameters are in excellent agreement with the RIXS data for iridates, including the strong AF zone boundary dispersion in the single-layer compound Sr 2 IrO 4 and the large anisotropy gap in the bilayer compound Sr 3 Ir 2 O 7 . The RIXS spin wave data is shown to provide evidence of mixing between the J = 1/2 and 3/2 sectors in both compounds. 
I. INTRODUCTION
Magnetic excitations in strongly spin-orbit coupled 5d transition metal systems are of considerable recent interest in view of their novel electronic and magnetic properties involving magnetic ordering with spin-orbital entangled states. Resonant inelastic X-ray scattering (RIXS) studies of spin wave excitations in the quasi-two-dimensional antiferromagnet (AF) Sr 2 IrO 4 have shown surprisingly large AF zone boundary dispersion, with spin wave energy at (π/2, π/2) nearly half of that at (π, 0).
1 In the bilayer iridate compound Sr 3 Ir 2 O 7 , RIXS studies have revealed distinct magnon dispersion with exceptionally large gap (≈ 80 meV)
that is comparable to the magnon bandwidth.
2,3
Inelastic neutron scattering experiments on the honeycomb antiferromagnets A 2 IrO 3 (A=Li,Na) have provided overall energy scale of spin excitations and relevant magnetic interactions for the novel magnetic states of composite spin-orbital moments including Néel, zigzag, and stripy magnetic order predicted in these compounds. 4 X-ray resonant magnetic scattering and RIXS studies of epitaxially strained Sr 2 IrO 4 thin films have shown extremely anisotropic magnetic correlations, and also tunability of zone-boundary magnon mode energies with compressive/tensile strain. 5 Recent RIXS measurements on the pyrochlore osmate Cd 2 Os 2 O 7 , which exhibits a metal-insulator transition (MIT) closely connected to the magnetic order, have provided insight into the nature of magnetic excitations and the role of SOC in magnetically mediated MIT in 5d systems. 6 Several of above studies show that substantial further-neighbor exchange couplings are required to explain the observed dispersion.
In particular, Sr 2 IrO 4 has attracted considerable attention due to its structural and magnetic resemblance with the cuprate antiferromagnet La 2 CuO 4 . Magnon dispersion in Sr 2 IrO 4 has been theoretically studied in terms of the J eff = 1/2 quantum Heisenberg antiferromagnet (QHAF) on a square lattice, 1 rendering the effective low-energy physics similar to that in La 2 CuO 4 . This is further supported by the observation of exciton modes in Sr 2 IrO 4 , whose dispersion is strongly renormalized by magnons, in analogy with hole dynamics in AF background as in cuprate antiferromagnets.
7
Anisotropic spin interactions play an important role in magnetic ordering and excitations in the layered perovskite iridates. In the half-filled J = 1/2 sector resulting from strong SOC, spin-dependent hopping due to mixing between yz and xz orbitals arising from staggered IrO 6 octahedral rotations lead to pseudo-dipolar (PD) and Dzyaloshinskii-Moriya (DM) interactions in addition to the isotropic Heisenberg interaction, [8] [9] [10] which are order-ofmagnitude larger than in 3d transition metal compounds. 11 The inherent frustration in the bilayer system due to different canting proclivities of in-plane and out-of-plane neighboring spins breaks the degeneracy between c-axis orientation and planar canted configuration (as in the monolayer system), resulting in c-axis AF ordering and strong anisotropy-induced spin-wave gap in the bilayer iridate.
In addition to magnetic excitations in the insulating state, RIXS studies of doping evo- 
18-21
Most theoretical investigations of magnetic excitation spectra have been carried out within localized spin models. 1-3,12,21 Spin-wave spectrum in Sr 2 IrO 4 has been described in terms of phenomenological J-J ′ -J ′′ Heisenberg model, where the strong dispersion along AF zone boundary (π, 0) → (π/2, π/2) → (0, π) was ascribed to ferromagnetic J ′ coupling.
1
This is as expected from earlier studies of magnon spectrum in the Hubbard model, where it was shown that effective ferromagnetic J ′ spin coupling is generated in the intermediate coupling region, which accounts for the measured zone boundary magnon dispersion in the cuprate antiferromagnet La 2 CuO 4 . 22,23 Effects of finite SOC, finite U, and finite orbital mixing arising from IrO 6 octahedral rotation have been considered mostly in the context of electronic band structure.
In this paper, we will therefore consider an approach in which spin dynamics can be directly studied within the three-orbital model, which will allow all three effects mentioned above to be incorporated simultaneously on equal footing. Based on a realistic three-orbital model involving xz, yz, and xy Ir 5d orbitals, this approach can provide a unified description of electronic band structure as well as magnetic excitations in both single-layer and bilayer compounds. In particular, we will investigate whether the RIXS spin wave spectra for both single-layer and bilayer iridates provide evidence of mixing between the J = 1/2 and 3/2 sectors. The itinerant-electron approach for studying magnetic excitations can also be naturally extended to finite doping studies which are of strong current interest. has been analyzed in terms of a multi-orbital itinerant electron approach where magnetic excitations were studied in the Hartree-Fock and random phase approximations, 25 realistic band structure and application to the bilayer compound have not been considered.
II. THREE-ORBITAL MODEL AND ELECTRONIC BAND STRUCTURE
The distinctive electronic and magnetic properties in the layered Ruddelsden-Popper series of iridates are determined by the Ir 4+ ions in 5d 5 electronic configuration, sitting in the octahedral crystal field of oxygen. The strong crystal field splits the 5d levels into two e g and three t 2g levels. Spin-orbit coupling (SOC) further splits the t 2g multiplets into (upper) J = 1/2 doublet and (lower) J = 3/2 quartet with an energy gap of 3λ/2. Four of the five electrons fill the J = 3/2 states, leaving one electron for the J = 1/2 sector, rendering it magnetically active in the ground state. 26, 27 Due to the large energy separation (∼3 eV) of e g levels, low energy physics is effectively described by projecting out the empty e g levels.
In the t 2g manifold, the states |J, m have the form:
where |yz, σ , |xz, σ , |xy, σ are the t 2g states and the signs ± correspond to spins σ =↑ / ↓.
The coherent superposition of different-symmetry orbitals, with opposite spin polarization between xz/yz and xy levels implies spin-orbital entanglement, and also imparts unique extended 3D shape to these states, which has important consequence in the bilayer compound, as discussed in Sec. IV.
A. Non-magnetic state
We will consider a three-orbital model within the t 2g manifold which allows for investigation of role of mixing between the J = 1/2 and 3/2 sectors on magnetic excitations in both single-layer and bilayer iridate compounds. We start with the free part of the Hamiltonian including the local spin-orbit coupling and the band terms represented in the three-orbital basis (yzσ, xzσ, xyσ):
which has exactly same structure as the spin-orbit coupling term. The above transformation from J = 1/2 basis to three-orbital basis is illustrated below. Starting with the local field term for σ =↑ (pseudospin τ =↓ in the J = 1/2 basis), we obtain:
in the three-orbital basis (|yz ↑ , |xz ↑ , |xy ↓ ).
Combining all three terms above, the total Hamiltonian is given below in the composite three-orbital, two-sublattice basis, showing the hopping terms connecting same and opposite sublattices, and the staggered fields on the two sublattices. Also included are the hopping terms involving orbital mixing between yz and xz orbitals due to the octahedral rotation.
Involving nearest-neighbor hopping, these orbital mixing terms are placed in the sublatticeoff-diagonal (ss) part of the Hamiltonian:
The self-consistent determination of the staggered field ∆ in terms of the densities n iτ for the two pseudospins τ =↑, ↓ of the J = 1/2 sector is discussed in Sec. III. 
28
In the bilayer compound Sr 3 Ir 2 O 7 , on the other hand, due to different magnitude of spin-dependent hopping terms between in-plane and out-of-plane neighbors, both cannot be gauged away by the same transformation. As explained in Appendix D, this results in a magnetic frustration which accounts for the c-axis spin orientation and the large anisotropy gap seen in the RIXS spin wave spectrum.
C. Tight-binding model for Sr 2 IrO 4
This is a layered compound with unit cell containing four IrO 2 layers. We will focus on a single layer and neglect inter-layer hopping. Due to staggered rotation of IrO 6 octahedra with respect to c-axis by an angle of 11
• , Ir atoms form two sublattices, leading to doubling of the unit cell, 28, 29 which is in conformity with the staggered magnetic order. Corresponding to the hopping terms in the tight-binding representation, the various band dispersion terms in Eq. (5) are given by:
Here t 1 , t 2 , t 3 are respectively the first, second, and third neighbor hopping terms for the xy orbital, which has energy offset µ xy from the degenerate yz/xz orbitals induced by the tetragonal splitting. For the yz (xz) orbital, t 4 and t 5 are the NN hopping terms in y (x) and x (y) directions, respectively. Mixing between xz and yz orbitals is represented by the hopping terms t m (NN) and t ′ m (NNN). We have taken values of the tight-binding parameters (t 1 , t 2 , t 3 , t 4 , t 5 , t m , t ′ m , µ xy ) = (0.36, 0.18, 0.09, 0.37, 0.06, 0.0, 0.0, -0.36) eV as considered earlier. 29 In the locally rotated co-ordinate frame, the orbital mixing terms vanish, and we have therefore set them to zero. 
III. MAGNETIC EXCITATIONS IN THE THREE-ORBITAL MODEL
In this section, we introduce the formalism for investigating magnetic excitations in the three-orbital model and apply it to the single layer compound Sr 2 IrO 4 . This approach accounts for the mixing between J = 1/2 and 3/2 sectors, and we will see evidence of this from comparison of the calculated spin wave spectrum with the RIXS data. As the magnetic symmetry breaking is driven by the Hubbard interaction i Un iτ n iτ in the J = 1/2 sector, we will consider the corresponding transverse spin-fluctuation propagator:
in terms of the lowering and raising operators J − i and J + j at sites i and j. In the random phase approximation (RPA), the spin wave propagator is obtained as:
where the bare particle-hole propagator:
is obtained from the Hartree-Fock level Green's functions in the two-sublattice basis by integrating out the fermions in the (π, π) ordered state. Here E kτ m are the band energy eigenvalues and ϕ kτ m are the wave functions derived by projecting the k states in the threeorbital basis onto the basis states |1/2, τ = ±1/2 of the J = 1/2 sector corresponding to pseudospins τ =↑, ↓:
in terms of the wave functions φ µ kσm in the three-orbital basis (µ = yz, xz, xy). Here the subscripts m, n indicate eigenvalue branches, s, s ′ = A/B denote sublattice indices, and the superscript +(-) refers to particle (hole) energies above (below) the Fermi energy. Note that the bare particle-hole propagator and therefore the spin wave propagator involve the spin-orbital entangled states.
From the interaction term i Un iτ n iτ in the J = 1/2 sector, the self-consistency condition is given by 2∆ = m(∆)U, where the staggered (sublattice) magnetization:
In practice, it is easier to consider a given ∆, and self-consistently determine the interaction strength U = 2∆/m(∆), which ensures gapless Goldstone mode in accordance with the spin rotation symmetry in J = 1/2 space. The [χ 0 (q, ω)] matrix (2 × 2) is evaluated by performing the k sum over the two-dimensional Brillouin zone (divided into 300×300 mesh).
In terms of the larger eigenvalue λ q (ω) of the [χ 0 (q, ω)] matrix, the spin wave energies are then evaluated from the pole condition 1 − Uλ q (ω) = 0 corresponding to Eq. (7).
The calculated spin wave dispersion using the formalism discussed above is shown in All other parameters are same as in Fig. 2(a) . We will focus on the ratio ω (π/2,π/2) /ω (π,0) of spin wave energies, which provides a quantitative measure of the dispersion along AF zone boundary. Fig. 2(b) shows a significant reduction in the AF zone boundary dispersion at large SOC, with the ratio changing from 0.5 to 0.7. The close agreement of RIXS data with finite SOC calculation provides experimental evidence of mixing between the J = 1/2 and 3/2 sectors. Similarly, at large U, the ratio is nearly 1, highlighting the importance of finite-U effects on spin wave dispersion, as discussed in Appendix A.
IV. BAND STRUCTURE AND MAGNETIC EXCITATIONS IN THE BILAYER COMPOUND
The compound Sr 3 Ir 2 O 7 consists of strongly coupled IrO 2 bilayers stacked along the caxis, with neighboring oxygen octahedra (both intra and interlayer) rotated opposite to each other around c-axis by 12
• angle. The interlayer Ir-O-Ir bonds are straight whereas the intralayer bonds are twisted. 32 In this section we will extend the three-orbital-model formalism discussed in the previous section to study magnetic excitations in the bilayer compound. Due to an intrinsic frustration effect involving different canting proclivities of in-plane and out-of-plane neighboring spins, the orbital-mixing terms cannot be gauged away, and play an important role in inducing the anisotropy gap in the spin wave spectrum.
Since the bilayers are well separated by strontium atoms and the bilayer extent is much smaller than the bilayer repeat distance, the k z dependence is expected to be small and will be neglected here as in other investigations. 10, 33 For a single bilayer, we consider the tightbinding Hamiltonian in a composite orbital-sublattice-layer basis. The intra-layer terms H (1) and H (2) corresponding to the two layers (1) and (2) are as discussed in Section II. In the inter-layer term given below:
the two terms correspond to hopping terms connecting same and opposite sublattices. Here sf for both layers are included as discussed in Sec. The calculated spin wave dispersion shows two spin wave modes corresponding to acoustic and optical branches as expected for the bilayer system. The first branch in Fig. 4(a) 
V. CONCLUSIONS
Magnetic excitations in single-layer and bilayer iridates were studied using a three-orbitalmodel approach which allows for finite U, finite λ, and finite orbital mixing to be incor- Spin waves in the half-filled Hubbard model on a square lattice show no dispersion along the AF zone boundary at large U. Only first-neighbor AF spin couplings J = 4t 2 /U are generated, mixing between opposite sublattices (connected by hopping t) is negligible beyond order t 2 (super-exchange) level, and the RPA level spin wave dispersion ω q = 2J 1 − γ 2 q is flat along the AF zone boundary where γ q = 0. However, at finite U, higher-order sublattice mixing terms become important, which generate extended-range spin couplings, resulting in strong zone-boundary dispersion. The salient finite-U features are summarized here in view of the direct relevance to magnetic excitations in Iridates as seen from strong zone-boundary dispersion in the RIXS spin wave data.
By carrying out the strong-coupling expansion to next-to-leading order (including t 4 /U 4 terms), spin wave dispersion has been obtained earlier for the t − t ′ Hubbard model, which accounts for the measured zone boundary dispersion in La 2 CuO 4 from high-resolution neutron scattering studies. 22, 23 Extending the above analysis to the t − t ′ − t ′′ − t ′′′ Hubbard model including up to fourth-neighbor hopping terms, the spin wave energy is obtained as:
where γ q = (cos q x + cos q y )/2, γ ′ q = cos q x cos q y , and γ ′′ q = (cos 2q x + cos 2q y )/2. It is evident from the above expression that extended-range (2nd/3rd/4th neighbor) effective spin couplings are generated at finite U corresponding to the different q dependent terms. In order to quantify spin wave dispersion along the AF zone boundary (π, 0) → (π/2, π/2) → (0, π), we consider the spin wave energies:
which indicate that lower U and finite third-neighbor hopping t ′′ increase the dispersion and thus reduce the ratio ω(π/2, π/2)/ω(π, 0), whereas t ′ has opposite effect. 
Rewriting the above Hamiltonian as: J = 1/2 and 3/2 sectors. Also, the spin wave calculation explicitly shows that for t ′ z /t z = t ′ /t the anisotropy gap vanishes.
